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Abstract 

We examine a periodic mixed spin chain with spin magnitudes | and 1 which are arrayed as 5- 5- 1-1- The three 
independent parameters are ratios of the four exchange couplings. We determine phase boundaries in the parameter 
space by using the gapless condition which was previously derived by mapping a general inhomogeneous spin chain 
to the nonlinear a model. We find two gapless boundaries separating three disordered phases. The features of the 
phases are explained in terms of singlet clusters. 
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Since the prediction of the Haldane gap for spin 
chains [1], the nonlinear a model (NLSM) is con- 
sidered to be a useful tool to investigate spin sys- 
tems. After then an NLSM for a spin chain with 
bond alternation is derived and examined [2] . The 
application of the NLSM to spin chains with more 
than one spin species is an interesting problem. In 
a previous paper [3] we derived an NLSM for a gen- 
eral mixed quantum spin chain with arbitrary fi- 
nite period. However its various applications have 
not been examined in detail [4] . 

In this paper we examine the case that the spin 
magnitudes in a unit cell are arrayed as 
with spacing a. The Hamiltonian is written as 



' S4j+3 • S4J4.4 + J_ S4j-|_4 • S4J4-5), (1) 
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where the magnitudes of 84^+1 and 84^+2 are i and 
those of 84^+3 and 84^+4 are 1. We reparametrize 
the coupling constants as 

J+ = J7(l + <5), J.=J'/{l-5). (2) 

Following Ref . [3] , we map the spin chain described 
by Eq. (1) to an NLSM. The resultant NLSM ac- 
tion is given by 

•Scff = j dT j dx^-i^^j^-n. ■ [drn y. d^n) 

4_4 4 4_2 4_1 

The NLSM has gapless excitations if the topo- 
logical angle 47r J*^°) / J*^^^ is a half-odd-integer mul- 
tiple of 277. This condition is written as 

1 _ 2? - 3 1 1 2; - 5 
1' ^ ^2l-ll ~ 4 2/ - 1 



a -1,2). (3) 
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Fig. 1. The phase diagram in the J-J' plane for arbitrar- 
ily fixed 5. Three disordered phases are separated by two 
gapless Unes. 

This equation for each I determines a phase bound- 
ary between gapful disordered phases. Since the 
equation is independent of 5, the phase boundaries 
in the J-J' -5 space is uniform in the 5 direction. We 
present the phase diagram in a J-J' plane perpen- 
dicular to the 5 axis in Fig. 1. In the special case of 
J-f = J- {=J'), Tonegawa et al. performed a quan- 
tum Monte Carlo simulation and obtained a phase 
diagram [5]. For example, their phase boundary 
between phases A and B passes the point (J, J') 
= (1, 0.77) instead of (L 4/7) in Fig. 1. However 
the overall feature of Fig. 1 well agrees with the 
numerical phase diagram. 

We explain the phases in Fig. 1 in terms of sin- 
glet clusters (SC's). An SC means a local singlet 
state formed by more than one ^-spins. We call a 
singlet state consisting of SC's the singlet cluster 
soHd (SCS). The SCS is an extension of the valence 
bond solid [6] and special versions are used to ex- 
plain phases for other spin chains [7,8]. We show 
the SCS pictures for phases A, B and C in Fig. 2. 
Here a spin with magnitude 1 is decomposed into 
two i-spins (circles) and the symmetrization re- 
trieves the original spin. A closed loop means an 
SC which is formed by |-spins in it. In phase A, ad- 
jacent spins of magnitude 1 are strongly connected 
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Fig. 2. The SCS pictures for phases A, B and C. 

to form two valence bonds, since the coupling 1 be- 
tween them is larger than J'. A pair of remnant 
5 -spins form a valence bond almost irrespective of 
the value of J. In phase C, both of J and J' are 
lager than 1 and hence four ^-spins connected by 
them form an SC. Phase B is an intermediate; one 
of two valence bonds remains for a pair of spins 
of magnitude 1 and a 4-spin cluster is formed in a 
unit cell. 

The SCS picture will be more generally ex- 
plained [9]. 

References 



[1] F. D. M. Haldane, Phys. Lett. 93A, 464 (1983); Phys. 
Rev. Lett. 50, 1153 (1983). 

[2] L Affleck, Nucl. Phys. B 257, 397 (1985); 265, 409 
(1986); I. Affleck and F. D. M. Haldane, Phys. Rev. B 
36, 5291 (1987). 

[3] K. Takano, to be published in Phys. Rev. Lett. 

[4] Special cases have been examined by a different NLSM 
method: T. Fukui and N. Kawakami, Phys. Rev. B56, 
8799 (1997). 

[5] T. Tonegawa, private communication; T. Tonegawa, T. 
Hikihara, M. Kaburagi, T. Nishino, S. Miyashita and 
H.-J. Mikeska, J. Phys. Soc. Jpn. 67, 1000 (1998). 

[6] L Affleck, T. Kennedy, E. H. Lieb and H. Tasaki, Phys. 
Rev. Lett. 59, 799 (1987). 

[7] K. Takano, K. Kubo and H. Sakamoto, J. Phys.: 
Condens. Matter 8, 6405 (1996). 

[8] W. Chen and K. Hida, J. Phys. Soc. Jpn. 67, 2910 
(1998). 

[9] K. Takano, in preparation. 



2 



